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We study relativistic effects on polarised photons that travel in a curved spacetime. As a concrete
application, we consider photons in the gravitational field of the Earth, on a closed path that starts
at a terrestial laboratory, is reflected at one or more satellites, and finally returns to the laboratory.
We find that the photons acquire a non-trivial Wigner phase already when the gravitational field
is static, such as the Schwarzschild spacetime, where previous studies have found a trivial Wigner
phase for closed photon paths. A gauge-invariant description of this nontrivial Wigner phase remains
an open question, to be resolved before the formalism can provide predictions for experiments.
I. INTRODUCTION
The study of the effects of gravity and relativity on
quantum features of physical systems has both founda-
tional and practical significance. On the theoretical side,
it can aid our search for a fundamental theory of Nature.
On the applied side, it can promote the proposal of new
experiments that can push the limits of known science.
In particular, quantum systems for advanced space sci-
ence are promising a revolution in our ability to commu-
nicate securely [1–4], to distribute quantum computing
tasks [5, 6] and to test cutting-edge physics [7, 8]. Po-
larised photons are at the core of a large number of these
recent quantum experiments and technologies involving
satellites [3–6]. However, the theoretical treatment of
quantum polarisation, namely helicity, remains unclear
in curved spacetime. The inexorable development of in-
creasingly sophisticated quantum technologies in space
calls for a proper theoretical foundation of photonic he-
licity within the framework of general relativity.
A thorough treatment of light’s polarisation rotation in
flat and curved spacetime exists. In the case of flat space-
time, we find studies of helicity states of photons and
the structure of Wigner’s little group [9–11], the influ-
ence of the detector’s motion on entangled helicity states
of light [12, 13] and a QFT formalism for the Einstein-
Podolsky-Rosen (EPR) correlations of polarised photons
[14]. In curved spacetime [15–17], since the first inquiry
on photon polarisation [18], many physical cases have
been considered among which we find: rotation of po-
larisation induced by astrophysical [19] and cosmologi-
cal gravitational waves [20], photons experiencing vector
perturbations in the metric due to the Cosmic Microwave
Background (CMB) [21] and quasars [22], gravitational
lensing by massive objects passing through the light’s tra-
jectory [23, 24] with relativistic velocities [25, 26], or with
rotation [27–30]. Furthermore, there have been studies
of optical interferometry experiments in a near-Earth en-
vironment [31], namely with polarisation vectors of two
light rays that are compared when they recombine after
having travelled through two paths at different altitudes,
and therefore under different gravitational potentials.
In this work we look at the effect encoded in the ro-
tation of the polarisation of a pulse of light after it has
propagated through a curved background. We employ
a general formalism developed in [32, 33] and study the
evolution of the helicity quantum states of photons sent
from Earth to different satellites and finally reflected back
to Earth. The helicity states are affected by propaga-
tion in a curved spacetime. Surprisingly, we find that
the states acquire a non-trivial Wigner phase already in
Schwarzschild spacetime, where previous studies found
a trivial phase for photon paths that are closed with-
out reflections at satellites [15, 16]. We have however not
found a gauge-independent description of these nontrivial
Wigner phases, and we regard the formalism incomplete,
and inadequate for providing predictions to be compared
with experiments, until a gauge-independent formalism
is found. Finding such a formalism remains a significant
task for future work.
The work is organized as follows: in Section II, we pro-
vide all necessary mathematical tools. In Section III we
compute explicitly the Wigner rotation for the propagat-
ing light pulses. In Section IV, we present two specific
operational schemes and we find the Wigner phase picked
up by the photons’ helicity states along the paths. We
conclude on our results in Section V.
II. MATHEMATICAL FORMALISM
In this section we introduce the mathematical tools
necessary to our work. This includes background space-
time surrounding the Earth, the static observers and
their reference frames, the propagation and the polari-
sation of light rays, and finally the quantum states of the
polarised photons.
Throughout this paper we use natural units c = G = 1.
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2A. Schwarzschild spacetime and static observers
1. The Schwarzschild spacetime
The spacetime considered in this work is Schwarzschild
spacetime, which is the spacetime background for the
vacuum surrounding a static spherical mass distribution.
This is a good approximation for the Earth where, for the
purposes of this work, we can safely ignore its angular
momentum and asphericity. More refined metrics, such
as the Kerr [34] or the Hartle-Thorne [35] metric, can be
employed to take into account these features. We leave
more detailed and realistic calculations for further work.
The metric is a symmetric, bilinear form with ma-
trix representation in the usual Schwarzschild coordi-
nates (t, r, θ, φ) that reads
g = diag
(
−f(r), 1
f(r)
, r2, r2 sin2 θ
)
, (1)
where f(r) := 1− 2Mr . The surface of the Earth is placed
at r = RE . The extremal values of the polar angle, θ = 0
and θ = pi, indicate the North and South poles respec-
tively, while the equatorial plane is given by θ = pi/2.
The metric (1) is fully parametrised by the Earth’s
mass M . With units restored, we see that the quotient
M/r reads GM/rc2  1 for any radius r ≥ RE , since the
Schwarzschild radius rS = 2M has the value rS ∼ 9mm
while RE ∼ 6341km. In this work we restrict to realistic
scenarios where r ≥ RE .
2. Static observers in Schwarzschild spacetime
The observer that will prepare and measure the states
in our proposed scheme is a static observer located on
the surface of the (non-rotating) Earth. In Schwarzschild
spacetime, there are static observers at any spacetime
point with r > 2M , and their 4-velocity is
vE =
1√
1− 2Mr
∂t. (2)
We will consider an observer emitting and measuring po-
larised quantum signals who is located at a fixed radius
r = RE . We will need to introduce a family of fiducial
static observers all along the light’s trajectory in order to
track the evolution of the observer’s reference frame (i.e.,
to parallel transport it). This is because the frame in
which the polarisation is initially defined by the observer
at r = RE changes as it is carried by the light propagat-
ing in the curved spacetime around the Earth. When the
polarisation is measured at the end of the light’s propa-
gation, the reference frame has changed in general, even
if the light is measured at the same location and with the
same direction as it was initially emitted.
B. Reference frames and tetrads
An observer defines its reference frame mathematically
by a tetrad e, with tetrad elements e µaˆ [36]. The tetrad
relates physical quantities from their expression in the
global coordinates of the spacetime (t, r, θ, φ) to the ex-
pression of these quantities in the local Cartesian frame
of the observer. In other words, in its local frame the
observer witnesses a flat, Minkowski spacetime with met-
ric η = diag(−1, 1, 1, 1). The domain of validity of this
frame is therefore the spacetime in the vicinity of the ob-
server’s world-line, where the effects of curvature can be
neglected. In this local frame, the polarisation 4-vector
ψ of a light ray passing by will be given components
ψaˆ = ψµeaˆµ = ψ
µe ν
bˆ
ηaˆbˆgµν .
1
As discussed above, we need to keep track of the evolu-
tion of the static observer’s frame along the path followed
by the light rays, in order to be able to properly compare
the change in the polarisation of the field. Therefore,
we will define a tetrad field e(λ) along the light’s null
geodesic parametrised by the affine parameter λ. The
tetrad components are obtained explicitly as follows:
i) The timelike component e0ˆ is the velocity of the
observer, in our case e0ˆ := vE defined in (2);
ii) The triad of spacelike components e1ˆ, e2ˆ, e3ˆ of the
tetrad is obtained through the orthonormalisation
relations e µaˆ e
ν
bˆ
gµν = ηaˆbˆ;
iii) Each of the three triad components are vectors that
have four elements themselves, and these twelve el-
ements are constrained by only nine orthonormal-
isation relations. Therefore, there is some gauge
freedom in the choice of the triad, and thus of the
tetrad. This mathematical gauge freedom repre-
sents the observer’s freedom of choice of the refer-
ence frame. In what follows, we will adapt our ob-
server’s tetrad to the light’s null vector, which will
simplify the polarisation rotation computations. To
do so we will choose to set the third component of
the triad e3ˆ in a specific way that depends on the
trajectory of the light ray. This procedure will be
explicitly described in the next subsection. After
having adapted the tetrad to the null vector of the
emitted light ray, there are then only eight tetrad
elements e µaˆ left to be determined and seven or-
thonormalisation equations. This implies that all
of the remaining gauge freedom is encoded in one
single tetrad element, and a choice of two signs due
to the second order nature of the two remaining
normalisation relations.
1 Hatted indices denote that the quantity is viewed in the ob-
server’s local frame, while quantities with Greek indices are the
usual vectors in the global spacetime coordinates basis.
3By extending this procedure to the whole null geodesic
followed by the light ray, we obtain the tetrad field for
our static observers.
C. The light’s null vector
In this work we neglect the deviation from the null
geodesic due to the photon’s helicities, since such correc-
tions are of order λ˜/b  1, see [37], where λ˜ is the pho-
ton’s wavelength and b is the shortest distance between
the photon and the center of the Earth, i.e. b = RE .
1. General null vector
A light ray defines the path followed by pulses of light
and is defined formally by the null vector k tangent to
its null geodesic [38]. In the spacetime considered here,
such a null vector has the general expression
k =Ep
(
1
f(r)
∂t + r
√
1− f(r) l
2
φ + κ
r2
∂r
+
θ
r
√
κ− l2φ cot2 θ
r2
∂θ +
lφ
r2 sin2 θ
∂φ
)
, (3)
where r = ±1 depending on whether the light ray as-
cends or descends the gravitational field of the Earth,
and θ = ±1 when the photon’s polar angle θ increases
or decreases along its path, respectively.
There are three constants of motion in (3). One comes
from the stationarity of the metric (1), while the other
two are due to the spherical symmetry of the spacetime.
The first constant is Ep, which gives the value of the en-
ergy of the photon as it would be measured by an inertial
observer at spacelike infinity. We then have the rescaled
azimuthal angular momentum and “Carter” constants,
lφ = Lφ/Ep and κ = K/E
2
p respectively, that are in-
dependent on the energy of the photon encoded in Ep.
The constants Lφ and K ≥ 0 are the azimuthal angu-
lar momentum and a quantity related to the square of
the total angular momentum [39] of the photon as seen
by an inertial observer at spatial infinity, respectively.
The constant of motion Ep > 0 can easily be related to
the photon’s frequency Ω measured by an observer with
velocity v at any spacetime point through the relation
~Ω = −k · v. For example, our static observer (2) on
Earth would measure Ep = ~ΩE
√
1− 2MRE , where ΩE is
the photon’s frequency measured by the static observer
on the surface of the Earth.
It is more complicated to obtain such a simple analytic
formula for the two other constants of motion lφ and κ.
We note that in the special case of radially propagating
light rays, i.e. for constant polar angle θ and longitude
angle φ along the null geodesic, or for an equatorial θ =
pi/2 trajectory, we simply have κ = 0.
2. Null vector with constant longitude φ
In order to simplify the computations and in particu-
lar to provide simple analytical formulas for the Wigner
phases, without loss of generality we will assume in Sec-
tions III and IV that the light rays can be sent with a
constant azimuthal angle φ, namely that lφ = 0 in (3).
For lφ = 0, the null vector k takes the simpler expression
k =Ep
(
1
f(r)
∂t + r
√
1− f(r) κ
r2
∂r +
θ
r
√
κ
r2
∂θ
)
. (4)
Since the light rays are confined to φ = const. planes, the
quantity κ now plays the role of the square of the polar
angular momentum (i.e., it is related to the θ polar coor-
dinate). Formally, the constant θ
√
κ is here equivalent
to the lφ constant of motion of a null vector (3) confined
to the equatorial plane θ = pi/2. To obtain κ in this
case amounts to finding the single angular-momentum-
like constant on a geodesic whose plane is already known.
Note that due to the spacetime’s spherical symmetry, we
could have worked equivalently in any other plane con-
taining the center of the Earth. We chose to work in a
φ = const. plane for simplicity and because the com-
putations for this configuration are easier to extend to
the case of the rotating Earth, since most of the rotation
effects would be orthogonal to this plane.
D. Adapted frames and polarisation rotation in
curved spacetime
We have defined the observer’s frames and the null
vector of light. We now proceed to implement the for-
malism required to describe the light’s polarisation and
its rotation in a curved spacetime background.
1. Polarisation vectors and adapted frames
We have defined the light ray through the null vec-
tor (3), and we will now define the light’s polarisation
vector in the standard way [32]. The polarisation vec-
tor ψ is a spacelike vector orthogonal to the light’s null
vector k, namely ψµkµ = ψ
aˆkaˆ = 0. Because k is null,
i.e., kµkµ = 0, there exist gauge transformations of the
polarisation vector that leave the orthogonality relation
invariant. These read
ψ → ψ + Ck, (5)
where C is an arbitrary real constant. The light’s po-
larisation vector is therefore not uniquely defined by its
orthogonality with the light’s null vector. This particular
gauge freedom is unwelcome as it prevents a unique defi-
nition of the polarisation vector. Here we discuss how to
eliminate this freedom. We start by noting that we can
construct the observer’s tetrad in such a way that two
4of the polarisation components measured in that partic-
ular frame would be invariant under gauge transforma-
tions like (5). This construction amounts to adapting the
frame to the null vector of the light ray considered. To
adapt our tetrad to the light ray, we need to make the
simple choice [32]
e3ˆ =
k
k0ˆ
− e0ˆ. (6)
Physically, this choice amounts to aligning the third com-
ponent e3ˆ of our observer’s tetrad with the light’s propa-
gation direction. In mathematical terms, that means that
we have k1ˆ = k2ˆ = 0 and k3ˆ = −k0ˆ in the adapted frame.
With this choice for the third component of the triad, the
polarisation components in the observer’s adapted frame
ψ1ˆ and ψ2ˆ are gauge invariant under transformations (5).
2. Polarisation rotation in curved spacetime
In the adapted frames that we have just defined, the
polarisation rotation equations take a simple form [32]:
dψAˆ
dλ
+ uµw Aˆ
µ Bˆ
ψBˆ = 0. (7)
Capital letters A,B ∈ {1, 2} denote the indices of the
polarisation’s gauge free components. We have defined
the rescaled null vector u = k/k0ˆ and we recall that λ
is the affine parameter along the light’s null geodesic. In
these two coupled first order differential equations, we
need to compute the Wigner rotation uµw Aˆ
µ Bˆ
in order
to obtain the rotation of the polarisation. This term is
expressed through to the spin-1 connection as
w Aˆ
µ Bˆ
= eAˆρ∂µe
ρ
Bˆ
+ Γσµρe
Aˆ
σe
ρ
Bˆ
. (8)
In order to compute the Wigner rotation we will thus
need to use the expression of the light’s null vector (3),
the adapted tetrad field e(λ) of static observers along the
light’s null geodesic, and the Christoffel symbols defined
by the metric components and their derivatives as Γσµρ =
gσν/2 (∂ρgνµ + ∂µgνρ − ∂νgµρ). The explicit expressions
for the Christoffel symbols in Schwarzschild spacetime
are known [40]. We can simplify (7) by noticing that
wAˆBˆ is an antisymmetric tensor, and we obtain
dψ1ˆ
dλ
+ Ψ˜ψ2ˆ = 0,
dψ2ˆ
dλ
− Ψ˜ψ1ˆ = 0, (9)
with the Wigner rotation Ψ˜ = uµw 1ˆ
µ 2ˆ
= −uµw 2ˆ
µ 1ˆ
. No-
tice that the system of coupled equations above can be
decoupled by taking derivatives with respect to the affine
parameter λ and then feeding back the first order equa-
tions in to the second order ones. We do not follow this
path, but it can be of interest perhaps when employing
numerical simulations.
In the next subsection, we will describe how the
Wigner rotation of the classical polarisation vector de-
scribed by the coupled equations (9) yields a phase
change in the quantum state of the photons that propa-
gate through curved spacetime.
E. Photonic wave packets and Wigner phases
A pulse of light, whether composed by a single photon
or many, can be modelled by a wave packet, i.e., a contin-
uous superposition of momentum states weighted by an
appropriate shape function. For each of these momentum
states, the corresponding helicity state is a superposition
of positive and negative helicity eigenstates giving the
momentum-helicity eigenstate |p, s〉. If an observer pre-
pares a photon with an equal proportion of positive and
negative helicity eigenstates for each momentum state,
the initial pure quantum state |γ〉 can be written as
|γ〉 = 1√
2
∑
s=±1
∫
dpF(p) |p, s〉 , (10)
where p = (k0ˆ, k1ˆ, k2ˆ, k3ˆ) is the photon’s null vector as
seen by the observer in its chosen reference frame, s is
the helicity which can only take values ±1 for photons
and the function F(p) = F (~p) δ(|~p|2 − (k0ˆ)2) θ¯(k0ˆ) is
the distribution of whole 4-momenta, where θ¯ the step
function and F is the distribution function of the 3-
momenta. The distribution F (~p) is normalised through∫
d~p |F (~p)|2 = 1. This implies that the corresponding
annihilation operators aˆ~p,s of the photons have the usual
commutation relations [aˆ~p1,s1 , aˆ
†
~p2,s2
] = δ(~p1 − ~p2)δs1s2 .
Now, let’s assume that the photon with state (10) has
been prepared by the source at RE and p thus represents
the photon’s momentum as seen by the observer located
at the emission event, parametrised by λe on the null
geodesic. We are interested in knowing the expression for
the quantum state of the photon that will be observed by
the receiver at affine parameter λo. We will give here a
simple procedure to obtain this final state and all details
can be found in [33].
Let the photons take a certain path in spacetime, that
is the union of propagation along geodesics connected
by, for example, mirror reflections on satellites. Let Uˆ
be the operator that encodes the propagation of the pho-
tons from the beginning to the end of a specific geodesic
segment of the path, denoted by affine parameters λ1
and λ2 respectively, with here λ1 = λe and in general
λe ≤ λ1 < λ2 ≤ λo. Each momentum-helicity eigen-
state |p, s〉 that constitutes the photon acquires a differ-
ent Wigner phase factor because of its dependence on
both the photon’s propagation direction ~n = ~p/k0ˆ and
helicity s, see [32]. Therefore we have
Uˆ |p, s〉 = eisΨ(~n) |p′, s〉 , (11)
where the prime denotes evaluation at the endpoint of the
null geodesic considered. Since every momentum-helicity
5eigenstate picks up a different phase factor, the quantum
state acquires a measurable, not-global phase. In the
evolution equation (11) we find the Wigner phase Ψ(~n)
that is obtained by integration of the Wigner rotation
along the photon’s null geodesic, namely
Ψ =
∫ λ2
λ1
Ψ˜ dλ. (12)
We apply the propagator Uˆ to the initial state (10) and
we use equation (12) to obtain the transformed state
|γ′〉 = 1√
2
∑
s=±1
∫
dp eisΨ(~n)F(p) |p′(p), s〉 . (13)
We note that the photons have followed a single null
geodesic between the points labelled by the affine pa-
rameters λ1 and λ2. This means that the null vectors
p′ and p are constructed through the same constants of
motion, although they are obtained by evaluation at dif-
ferent spacetime coordinates. This implies that p′ is a
function of the initial momentum p.
We also note that our initial state (10) prepared at
λ1 can be written as |γ〉 = |γp〉 ⊗ |γs〉, where |γp〉 =∫
dpF(p) |p〉 and |γs〉 = (|+1〉 + |−1〉)/
√
2. Therefore,
it is a separable state. This is not true anymore for the
received state |γ′〉 observed at λ2, since momentum and
helicity states now appear entangled.
We are able to provide a reference state where no
Wigner phase is acquired. To do this we use wavepack-
ets of the Bell-type (|+p−p〉 ± |−p+p〉)/
√
2 instead of
the simple superposition of |γs〉 states. Indeed, in such
a Bell-type state each helicity eigenstate in the tensor
products gives opposite phase contributions. Therefore,
it is easy to check that the total state remains invariant
under the rotation of the polarisation [11, 41].
On the contrary, one can increase the effect by using
GHZ-like states of helicity (|+p〉⊗m ± |−p〉⊗m)/
√
2. In
this case, the |+p〉⊗m component acquires m times the
individual Wigner phase Ψ, while the |−p〉⊗m compo-
nent picks up a total phase of −mΨ. The total relative
phase acquired by these states is therefore 2mΨ. In other
words, there is an increase of the effect by a factor 2m.
One can also use a product of m qubit states, namely
(|+〉+ |−〉)⊗m, which is easier to prepare in the lab.
We have defined all the mathematical formalisms re-
quired in the rest of the work. We proceed to the next sec-
tion where we compute explicitly the Wigner phase (12)
between two static observers in the background space-
time around the Earth.
III. POLARISATION ROTATION AND
WIGNER PHASE IN SCHWARZSCHILD
SPACETIME
In this section, we proceed and compute the Wigner
rotation of the polarisation vector of a light ray sent and
received by static observers at different heights in a grav-
itational field. We then compute the associated Wigner
phase acquired by the quantum state of the photons.
A. Polarisation rotation for static observers
Our goal requires us to construct the tetrad field for the
chosen observers. The tetrad field associated to the fam-
ily of static observers along the light ray’s null geodesic
has e0ˆ(λ) = vE (r(λ)) as its zeroth component, where
r(λ) stands for the radial coordinate of the photon at
affine parameter λ. We then follow the adaptation proce-
dure introduced above (6), and we use the expression (3)
for a general null vector, with k0ˆ = k ·e0ˆ η0ˆ0ˆ = −k ·vE =
Ep/
√
f(r). We obtain the expression of the third triad
component e3ˆ which reads
e3ˆ =
√
f(r)
(
r
√
1− f(r) l
2
φ + κ
r2
∂r
+
θ
r
√
κ− l2φ cot2 θ
r2
∂θ +
lφ
r2 sin2 θ
∂φ
)
. (14)
The remaining triad components e1ˆ and e2ˆ are then
obtained using the orthonormalisation relations, as ex-
plained in Section II B. We give their cumbersome ex-
pressions in appendix A 1. It should be clear from the
form of these expressions that the computation of the
Wigner rotation Ψ˜ for the general null vector (3) and for
the general adapted frame would be very involved.
In order to simplify the computations, let us now con-
sider light rays constrained to a plane with constant
longitude φ, with null vector (4). This is a reasonable
assumption in a spherically symmetric spacetime where
the light’s trajectories are confined to propagate on a
plane. The third triad component (14) then reduces to
e3ˆ =
√
f(r)
(
r
√
1− f(r) κr2 ∂r + θr
√
κ
r2 ∂θ
)
. We do not
display the Wigner rotation we obtain since its very in-
volved expression is not particularly enlightening; how-
ever, we note that it always vanishes for radial trajec-
tories, namely with κ = 0, irrespectivelly of the frame
choice we make. This indicates that the coupling between
the Schwarzschild mass and the helicity of the photons
occur only when the later have some angular momen-
tum. We then make a simplifying choice for the refer-
ence frame: let us give the value B = 1r
√
1− κr2 to the
free component of the tetrad in (A1). This choice im-
plies that the expression of the Wigner rotation vanishes
in the flat spacetime limit M → 0. Finally, to uniquely
fix the reference frame, we set η1 = η2 = +1. The gauge
dependent tetrad components associated to this choice of
reference frame are displayed in appendix A 2. We now
proceed to calculate the Wigner rotation using (8), (A6),
(A7) and (4). Expanding up to lowest order in the di-
mensionless perturbative parameter  =
√
M/RE  1,
6we find
Ψ˜ = −r
r
3 r2 − κ
r2 − κ
√
κ
2 r2
RE
r
+O
(
3
)
. (15)
For a light ray trajectory with a vanishing constant κ,
there is no Wigner rotation as measured in the chosen
frame. Such trajectories correspond to radial light rays,
where both the polar angle θ and the longitude angle
φ remain constant along the null geodesic. Notice that
the Wigner rotation (15) is independent on the energy
of the photons which is encoded in Ep. This feature is
already known in the literature [9] and it remains true
for the Wigner phase that will be computed in the next
subsection. Note that one can obtain a reference channel
where no Wigner rotation occurs by making the choice
B = 0 or B = ± 1r instead of the choice we made above.
B. Wigner phase between static observers
We can now proceed and compute the Wigner phase
Ψ acquired by the momentum-helicity quantum states
of photons travelling through Schwarzschild spacetime,
from r(λ1) = R1 to r(λ2) = R2. We employ Ψ =∫ R2
R1
Ψ˜ drur and (15), and obtain to lowest order
Ψ =
(√
RE
R2
√
2κ
R22 − κ
−
√
RE
R1
√
2κ
R21 − κ
)
+O
(
3
)
. (16)
We emphasize that, for the static observers and for the
frame choice we have made, there would be no Wigner
phase for a light ray with a purely radial trajectory, i.e.,
Ψ = 0 for lφ = κ = 0. Note that κ can only take a value
up to κmax = min
{
R21
1− 2MR1
,
R22
1− 2MR2
}
. This means that κ
never reaches R21 or R
2
2, therefore (16) is always finite.
In the next section we apply our result (16) to schemes
where quantum optical signals are exchanged between
laboratories on Earth using the aid of reflecting mirrors
placed on satellites.
IV. POLARISED PHOTONIC SIGNALS IN
EARTH-SATELLITE SCHEMES
The schemes described in this section consist of a sta-
tion placed on Earth that emits polarised photonic pulses
of light to a satellite, which in turn reflects these signals
to another satellite or to another laboratory on Earth.
The signal is then communicated back to the emitter’s
laboratory in order for the trajectory of the pulse to form
a closed path. We are interested in those schemes where
light travels closed paths since it is possible to compare
polarisation states in a “natural” way only when the as-
sociated light rays have parallel null vectors [32]. This
is a consequence of the fact that the polarisation vector
is always defined by its orthogonality to the light’s null
vector, i.e., k ·ψ = 0. Therefore, to talk about polarisa-
tion without specifying the corresponding null vector (or
momentum) is meaningless. One can thus only compare
polarisations associated to parallel null vectors.
In curved spacetime this comparison is not easy to
achieve in general, unless in stationary spacetime back-
grounds (like in the present study), where the light ray is
bound to back to the same space location it was emitted
from, and reflected to acquire the same initial propaga-
tion direction. To align the received light ray with the
emitted one, it suffices to have a mirror at the reception
location, oriented in such a way that the light ray would
take the same propagation direction that it had when it
was emitted. Placing the detection device very close to
the emitting source after this last reflection would thus
enable to measure photons which null vectors are parallel
to the emitted ones.
A. Earth-satellite(s)-Earth schemes
We consider here setups where the light rays follow
trajectories with a constant longitude, for which we have
obtained the explicit expression of the Wigner phase (16).
This requires that the laboratories on Earth and the
satellite’s reflections events are all placed at the same
longitude φ0. The satellites themselves, however, are not
constrained to the φ = const. plane and can have an
arbitrary motion as long as they are located at longitude
φ0 when the reflection event occurs.
FIG. 1: First scheme. Quantum optical signals (red line) are
emitted from a station on Earth to a satellite which reflects
them back to a second laboratory on Earth. From here, they
are reflected back to the initial laboratory in order to close
the path into a loop. The figure is depicted at a longitude
φ = const. plane.
The first scheme consists of two neighbouring labo-
7ratories placed on Earth at the same longitude, but at
different polar angles, see Figure 1. The optical signals
are emitted from one station and propagate to a satellite,
they are reflected by the satellite to the second laboratory
(in the same fashion as in recent satellite experiments
[42, 43]), which in turn sends them back to the first lab-
oratory. Note that if we were to simply reflect the light
rays back from the satellite to the first laboratory there
would be no Wigner rotation.
FIG. 2: Second scheme. The light ray (the red line) is sent
from Earth to a first satellite that reflects it to a second satel-
lite, which in turn reflects it back to Earth either directly to
the emitting station (dotted line), or to another laboratory
(thick line). In the latter case, the signal is finally sent back
to the initial laboratory in order to form a closed path. The
figure is depicted at a longitude φ = const. plane for consis-
tency with our calculations.
Another scheme we will consider consists of a station
on Earth emitting light pulses towards a satellite, which
then reflects them towards a second satellite, in turn re-
flecting the signals back to the emitter’s laboratory, see
Figure 2. Alternatively, the downlink from the second
satellite to Earth could also reach a second station that
would then send the photons back to the emitter’s labora-
tory, as shown in Figure 2. Since the light ray’s radial co-
ordinate remains approximately constant along the null
geodesic in an extra small Earth-to-Earth segment, there
is no Wigner phase contribution (16) that arises from it,
and the two variants for this scheme are equivalent.
B. Wigner phase
We have described the physical implementation of the
two schemes of interest. We proceed and give the ex-
plicit expression for the total Wigner phase accrued by
the photons along the closed paths designed above.
1. Wigner phase: one satellite
For the first scheme, we use (16) for each different
geodesic segment of the closed trajectory, and find the
full expression for the Wigner phase Ψ1, which reads
Ψ1 =
[√
RE
Rs
∆Ks(κ, κ
′) + ∆KE(κ′, κ)
]
+O(3), (17)
where we have denoted the orbital radius of the satel-
lite by Rs and we have defined KX(y) :=
√
2 y
R2X−y
and
∆KX(y, z) := KX(y)−KX(z).
The Wigner phase contribution for the last segment of
the light’s propagation vanishes since its endpoints are
at the same altitude, see (16). This is also the case if
the receiver’s laboratory is at the same location as the
emitter’s one, since then κ′ = κ and Ψ1 = 0. This is
the reason why, in the first scenario, we need to have
the emitter and the receiver at different locations, i.e., at
different polar angles.
2. Wigner phase: two satellites
We now turn our attention to the second scheme. We
repeat the procedure above and obtain the total Wigner
phase Ψ2, which reads
Ψ2 =
[√
RE
Rs2
∆Ks2(κ
′, κ′′) +
√
RE
Rs1
∆Ks1(κ, κ
′)
+ ∆KE(κ
′′, κ)
]
+O(3). (18)
The radial coordinate of the first and the second satellite
used to reflect the light ray are denoted by Rs1 and Rs2 .
3. Wigner phase: an explicit example
We can obtain more physical insights by considering
trajectories with κ R2min, where Rmin = min{R1, R2},
which amounts to consider almost radial light rays. In
this constrained case, we have:
κ ≈ R
2
1 R
2
2
(R1 −R2)2 ∆θ
2. (19)
This approximate expression is valid provided that
|∆θ|  |R1−R2|Rmax =: ∆θc, with Rmax = max{R1, R2}.
One can use (19) in scenarios such as when a light ray
is exchanged between a laboratory close to the equator
and a geostationary satellite. We can then expand the
expression of the phase (17) for κ, κ′  R2E :
Ψ1 ≈
√
2(|∆θ′| − |∆θ|)
1−
(
RE
Rs
) 3
2
1− RERs
+O(3). (20)
8From this simple explicit formula, we see that when
|∆θ′| = |∆θ| there is no Wigner phase for this scheme.
This feature is due to the symmetry of the spacetime,
and it is simply a more explicit way of stating that (17)
vanishes for κ = κ′.
C. Changes due to reflections on mirrors
Before proceeding to our main result, we review the
particular effects induced by the reflections of the pulses
by the moving satellites. In the schemes described in
IV A, the light rays are reflected by the satellite(s), and
then by the mirrors of a static observer on Earth prior to
their measurement since we need to align the momenta of
the received photons with those of the emitted ones. This
last reflection doesn’t change the energy of the received
photons as seen by the static observer that will perform
the measurement, because the mirror is also static and
located at the same distance RE . Its only effects is to
change the directional parameters r, θ and κ of the
null vector (4) back to the initial values.
However, the orbiting satellites do impart some of their
energy to the photons during the reflection events, which
changes the value of the constant Ep for the new geodesic
segments that follow these reflection events. The total
state of the photon is affected by these events, and in par-
ticular the momentum states are. However, the Wigner
phases are energy independent [9], therefore the helicity-
part of the quantum states is not affected.
Finally, the reflections of light rays by the mirrors
change the ray’s direction, and therefore the polarisa-
tion vector as well. This will in principle induce extra
Wigner phases, although we can safely ignore these ef-
fect in this work. This is a consequence of the fact that
the relativistic corrections on the polarisation vector due
to reflections on the mirrors are of one order higher in the
perturbative expansion than the polarisation rotation in-
duced by the propagation in the curved spacetime [31].
D. Wigner phase: existence in Schwarzschild
We have shown that both of the total phases (17) and
(18) are in general nonvanishing in Schwarzschild space-
time, and this can be seen even more explicitly for the
first phase (17) in its perturbative expansion (20). This
is our main result. This result contradicts the statement
found in the literature that the total Wigner phase ac-
quired along a closed path in Schwarzschild spacetime
would always vanish regardless of the chosen gauge con-
vention [15, 16]. The latter statement was a conse-
quence of the general claim made by the authors, namely,
that the Wigner phase remains gauge invariant under
changes of reference frames along closed trajectories. In
Schwarzschild spacetime, if one works within the Newton
gauge, there is no rotation of polarisation along arbitrary
null geodesics. The authors concluded that this absence
of effect would remain along closed paths for any choice
of reference frame. Yet, we have just shown in our deriva-
tion that a different choice of frame does not necessarily
yield a zero result along a closed trajectory. In our view,
the claim in [15, 16] holds only for closed paths in phase
space, which is a much stronger restriction. The paths
we consider are not closed in phase space, although they
form a closed trajectory in position space.
Note that in [31] the authors first say that the geodetic
effects of gravity on polarisation rotation are zero along
a closed trajectory. However, in the same work they also
say that this is true for closed phase space trajectories.
In our view, the geodetic effects vanish for closed paths
in phase space only. An example is that of photons fol-
lowing a circular geodesic on the photon sphere of a black
hole at rps = 3Mbh. In this case, the path is closed in
both position and momentum spaces. One can expect
the absence of Wigner phases for such configurations in
Schwarzschild spacetime. However, if the path is closed
by judiciously positioned mirrors, like in this work, then
the claim made in [15, 16] does not hold. This occurs
because the mirrors change the light’s null vector in a
discontinuous way, which therefore opens the path in mo-
mentum space. The arguments made by the authors in
those works can no longer be applied, and the gauge-
invariance is lost even if the photons are measured at the
same location by the same observer who initially emitted
them. This supports our nonzero result.
V. CONCLUSION
We have considered pulses of polarised light that travel
through the curved spacetime around the Earth. In or-
der to describe the evolution of photonic helicity states
in curved spacetime backgrounds, we implemented the
Wigner theory for massless spin-1 particles. We derived
the general adapted frame for static observers and then
obtained the Wigner phase for photons travelling be-
tween such observers in Schwarzschild spacetime. We
have specialised to closed paths, where light is emitted
and reflected by different links to reach again the emit-
ter, and we found that the helicity quantum states of the
photons pick up a non-zero Wigner phase.
We have studied two setups that could be implemented
with current satellite technologies and we gave the ex-
pressions for the Wigner phases aquired by the photons
along the path loops. We also gave a more explicit for-
mula for a simplified version of the first scheme, where
the labs would be located close to the equator and the
satellite in geostationary orbit. All the phases we have
obtained are non-zero except for some particular sym-
metries of the setups, and their values are specific to the
frame choice that we made. Our result questions the
statement found in the literature that there is no Wigner
phase accrued by photons propagating along a closed
path in Schwarzschild spacetime. This finding seems to
indicate that the present theory is incomplete for the
9description of quantum measurements of polarisation ef-
fects in simple realistic schemes involving satellites, such
as the ones we have described in this work.
We believe that the effects we found occur because the
paths we considered are closed thanks to well positioned
mirrors. If the paths were closed because of initial condi-
tions, namely if the photons were following a single null
geodesic from emission to measurement, then the gauge-
invariance claims made in [15, 16] should still hold. A
detailed study of the Wigner phase acquired by photons
at the reflection events seems indicated. We leave this
investigation to further work.
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Appendix A: Tetrad
1. General tetrad
We give here the general first and second triad compo-
nents of a static observer (2), adapted to an arbitrary null
vector (3). Using the expressions of the zeroth e0ˆ = vE
and third (14) tetrad components, together with the or-
thonormalisation relations, we have et
1ˆ
= et
2ˆ
= 0 and
er
1ˆ
= − η1 r (r − 2M) sin θ
r4lφB − η2 θ
√
r3 − (r − 2M)(κ+ l2φ)
√
κ− l2φ cot2 θ
√
Q− r5B2 sin2 θ
r2Q
, (A1)
eθ
1ˆ
= − η1 η2
√
Q− r5B2 sin2 θ
r
5
2 sin θ
, (A2)
eφ
1ˆ
= η1
r4B sin2 θ
√
r3 − (r − 2M)(κ+ l2φ) + η2 θ lφ (r − 2M)
√
κ− l2φ cot2 θ
√
Q− r5B2 sin2 θ
r
5
2 sin θ Q
, (A3)
er
2ˆ
= − r (r − 2M)
θ rB sin
2 θ
√
r3 − (r − 2M)(κ+ l2φ)
√
κ− l2φ cot2 θ + η2 lφ
√
Q− r5B2 sin2 θ
√
r Q
, (A4)
eφ
2ˆ
=
−θ rB lφ (r − 2M)
√
κ− l2φ cot2 θ + η2
√
r3 − (r − 2M)(κ+ l2φ)
√
Q− r5B2 sin2 θ
r Q
, (A5)
with Q :=
(
r3 − (r − 2M)(κ+ l2φ)
)
sin2 θ + l2φ (r − 2M)
defined for compactness. The signs η1 = ±1 and η2 =
±1, and the tetrad component B = eθ
2ˆ
, are arbitrary. The
latter quantity is however constrained to be of dimension
inverse of a length. These three parameters encode all the
gauge from the freedom of choice of our adapted frame.
2. Chosen tetrad
In III A we set lφ = 0 and we fixed the gauge param-
eters as B = 1r
√
1− κr2 and η1 = η2 = +1 in order
to simplify the expression of the Wigner rotation. The
gauge dependent tetrad components then simplify to
e1ˆ = r θ
κ
r2
√
2M
r
1− 2Mr√
1− (1− 2Mr ) κr2 ∂r −
1
r
√
2Mκ
r3
∂θ +
csc θ
r
√
1− κr2√
1− (1− 2Mr ) κr2 ∂φ, (A6)
e2ˆ = − r θ
√
κ
r2
(
1− 2M
r
) √
1− κr2√
1− (1− 2Mr ) κr2 ∂r +
1
r
√
1− κ
r2
∂θ +
csc θ
r
√
2Mκ
r3√
1− (1− 2Mr ) κr2 ∂φ. (A7)
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